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—— Abstract

Extracting maximum performance from a limited pool of parallel compute resources remains a

central challenge. In this paper, we show an optimization technique that allows certain distributed
systems to attain faster-than-linear (superlinear) performance improvement with only a linear scaling
of the worker pool. Our insight is that (1) dispatching jobs to parallel workers so that the locality of
reference in the workers’ input increases and (2) implementing the workers with a self-adjusting
algorithm to take advantage of the higher locality can yield superlinear scaling in many practical
applications. First, we demonstrate our technique in simulations: by scaling textbook self-adjusting
algorithms, we obtain 100-3,300x speedup using only 48 CPU cores — up to 70x beyond linear scaling.
After that, we re-engineer the default Linux packet classifier to attain a 5-25x raw performance
improvement as compared to the vanilla kernel. We demonstrate 800x speedup on synthetic traces
and 220x speedup on real firewall traces with 32 CPU cores. Given these insights, we develop a
formal model and a set of design guidelines to help understand the applicability of our optimization
strategy for particular distributed system workloads.
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1 Introduction

With the end of Moore’s law, computing power in modern systems increasingly comes in the

form of parallel processing resources. A major obstacle faced by network engineers is how to

harness this increasingly parallel computing power for scaling distributed systems [50,71,78,

85,92].
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Superlinear Scaling with Distributed Self-Adjusting Systems

In horizontally scaled applications a load balancer (LB) dispatches jobs across a fleet of
workers that process the jobs in parallel [19]. In the context of web applications, HTTP load
balancers [13,23,68] distribute requests across a swarm of backend web servers. Multicore OS
network stacks [12,51,89] run multiple instances of the networking logic on different CPUs
and leverage the NIC to dispatch packets to CPU cores. In sharded key-value stores [30]
different servers handle different portions of the key-space.

Suppose a web app handles 100 requests per second using a single server. As we add
another server we expect the throughput to increase to 200 requests per second, or slightly
less if the system is not perfectly parallel [4]. (Sub)linear scaling feels evident in this context:
as the additional capacity can be consumed at 100 percent efficiency at best, we can “get
at most equal bang for the capacity buck” [35]. Curiously, several experiments reported
faster-than-linear (or superlinear) growth in certain high-performance computing applications
and distributed systems [10, 18,26,40,41,43-45,74,79,80,86,87]. Superlinear growth feels
particularly alluring in this context, in that it assumes a system that somehow manages to
produce more work than the computer capacity available to it [35].

In fact, faster-than-linear scaling is not supernatural at all. Suppose our sample web app
serves a set of static assets (web pages, images, etc.) and assume each server is assigned a
fixed subset of the assets, with a load balancer carefully routing client requests for each asset
to the proper server. As the number of servers increases each server perceives requests to a
progressively smaller subset of the assets, which may allow it to finish servicing requests faster,
say, by caching the most popular assets in fast memory [21,26,79]. The combined speedup
resulting from the increase of web server capacity and the decrease of servers’ “virtual job size
due to improved cache efficiency often yields superlinear scaling [18,41,41-43,45,74,86,87,91].
This is, however, extremely sensitive to subtle design choices and a poor implementation can

ki

easily destroy the delicate superlinear scaling trend (see § 2).

Although superlinearity is thoroughly analyzed [35,41,45,74,86,87] and evaluated [10,
18,40, 43, 44, 80] in piecemeal applications, currently no architectural blueprint exists to
methodologically optimize distributed systems towards superlinear scaling.

In this paper, we aim to contribute towards closing this gap by identifying a design
pattern and the conditions under which it leads to superlinear scaling. Our motivation is
that networking applications are often embarrassingly parallel with little or no dependency
between threads, promising massive (superlinear) parallel execution gains.

We observe that in order to achieve superlinearity one has to carefully combine an
appropriate load balancing policy with a proper worker implementation. Indeed, load
balancing in distributed systems is often non-arbitrary: web apps apply the “sticky sessions”
rule to route all requests of a particular user to the same web server; networking code
commonly uses IP 5-tuple hashing at the NIC to ensure that all packets of a flow are
processed on the same CPU; and key-hashing in sharded key-value stores concentrates queries
to a key at the same replica. Such policies tend to make the input streams processed by
the parallel workers more predictable, compared to the aggregate input processed by the
system. Combining such a locality boosting load balancer with a self-adjusting algorithm so
that workers can take advantage of the higher input predictability to adaptively improve
their own performance yields faster-than-linear speedup across several applications.

The power of this optimization technique (§ 3) is not that it confirms the existence of
superlinear scaling (this has been known for a while [86,87]), neither that it defies well-
established scaling laws (it does not, see [25,34,35,45]) nor that it produces the most efficient
implementations possible (e.g., our packet classifier will not be as efficient as, say, a DPDK
equivalent [77] just by the fact that it runs inside the Linux kernel [27]). Rather, our
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Figure 1 Linear scaling, Amdahl’s law and superlinear scaling (s = 0.01). The inset shows the
asymptotics.

main contribution is that we precisely identify the key ingredients — locality boosting and
self-adjustment — that, in combination, form a reusable design pattern to attain superlinear
scaling under specific conditions, enabling re-engineering of common distributed systems
with little effort to attain often orders-of-magnitude performance improvement.

First, we confirm the viability of our approach in extensive simulations. Deploying well-
known list and tree search algorithms from the literature we achieve 100-3300x speedup on 48
CPU cores, orders of magnitude surpassing plain, linear scaling. We support our empirical find-
ings with a formal analysis and obtain a new scaling law for distributed self-adjusting systems
(Appendix A). Then we present two fully operational case studies. As a major contribution we
re-engineer the packet classifier built into the popular Linux kernel to reach superlinear scaling
(§ 4). On synthetic and real-life firewall traces, our implementation exhibits up to 800x spee-
dup with 32 CPU cores, 5-25x improvement beyond the default Linux firewall implementation
which scales only (sub)linearly. We also identify the key metrics (rule dependencies and flow
diversity) that critically determine the achievable performance improvement for a specific work-
load (§ 5). Furthermore, we apply our methodology to a combined Memcached+PostgreSQL
storage system, yielding 2.3x faster than linear scaling (discussions moved to Appendix B
for space reasons). We finally review related work (§ 6) and summarize our findings (§ 7).
The self-adjusting Linux nftables implementation is available at https://github.com/
inet-tub/Superlinear-Scaling-with-Distributed-Self-adjusting-Systems.

2 Background

We use “distributed” and “parallel” interchangeably to refer to a system running across
multiple independent compute threads (“workers”), whether on parallel CPUs within a single
node or across multiple nodes.

Amdahl’s law [4] sets a fundamental limit on the speedup achievable by parallelizing a
program. Let s be the fraction of execution time spent in code that cannot be parallelized
(e.g., single-threaded sections, critical sections with locks), and (1 — s) the parallelizable
fraction. Denote by T'(k) the runtime and by S(k) = % the speedup on k processors. Then
the following holds (see Fig. 1):

(1)
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Here, 128 establishes that the perfectly parallel part of the program executes k times faster

on k processors than on a single core. For different applications and extensions of Amdahl’s
law, see [14,20,36,37,47,62,70].

Amdahl’s law suggests that parallel systems can scale linearly at best (d‘zgck) <1, with
equality exactly when s = 0). Curiously, there have been several reports from a broad
range of applications indicating faster-than-linear scaling, e.g., database systems [26, 43],
distributed storage systems [18,79,87], SDN analytics [80], high-performance computing
applications [40,41, 74], multi-robot systems [44], information retrieval systems [86,87], and
large-scale network simulations [10] (see full taxonomies in [45,74]). One way to reconcile
these empirical observations and Amdahl’s law is the scaled size model [41]. In the fized size
model [41], the size of workers’ sub-problems remains constant as we scale the system [42].
Under this assumption faster-than-linear scaling is impossible [25]. However, when this
assumption is relaxed, say, when the workers’ jobs get progressively smaller or execution gets
gradually faster as we add more parallel workers (“scaled size model”), superlinear scaling
often emerges [40,43,44,80].

Conditions under which superlinear scaling emerges are widely discussed [41, 86, 87],
analyzed [45,74], and debated [25,34,35]. What is missing is a generic design methodology
to optimize distributed systems towards faster-than-linear scaling, identifying when it is

possible and when it is not. Our main contribution is a new optimization strategy to fill this
gap.

3 Distributed self-adjusting systems

We now present the distributed self-adjusting systems architecture. Its two critical components
are: a locality-boosting load balancer that increases the locality of reference in workers’ input
streams, and a self-adjusting algorithm that adaptively exploits that structure to process
inputs more efficiently. The technique is a pure software optimization — no new cache space
is required — though it subsumes distributed caching as a special case and benefits from fast
memory when available.

3.1 Locality-boosting load balancing

The first component in our architecture is a locality-boosting load balancer that distributes
work across parallel workers (servers, processors, or nodes) while improving the locality of
reference in the input each worker receives [21].

Locality of reference is the property of a sequence of inputs that subsequent items are
statistically dependent on each other. A request set with minimal locality is uniformly
distributed on the entire input domain and hence unpredictable, while one with maximal
locality contains only a single item, i.e., maximally predictable. A locality-boosting load
balancing policy is then a request dispatching strategy that can statistically or deterministically
improve the locality of reference experienced by the worker threads, turning an unpredictable
system input into multiple streams of predictable input to be processed by the workers (see
Fig. 2).

We distinguish two types of locality in this context. Spatial locality means that the
distribution of requests on the input domain is statistically biased towards a particular subset
of the items. One way to ensure this in the load balancer is to partition the input domain
into disjoint subsets, so that worker’s input distributions are concentrated on a smaller set
of items. In contrast, a round robin or a uniform random load balancer will export its own
spatial input locality unchanged to the workers. A related concept is temporal locality, which
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Figure 2 A locality boosting load balancer partitions the input sequence of a given locality into
subsequences with higher locality. Self-adjusting data structures perform better on inputs with
higher locality.

refers to the reuse of specific items in the input within a relatively small time duration. One
way to boost temporal locality is to reorder items within a time window: e.g., Reframer
applies controlled delays to order packet batches flow-wise, thereby enabling more efficient
processing [29, 56].

3.2 Self-adjusting algorithms

The second critical enabler is self-adjusting algorithms: data structures that automatically
reorganize based on the input sequence to speed up future accesses to frequently used items.
Self-adjustment improves performance only when the input exhibits sufficient locality; on
uniform input it merely adds overhead. We review three prominent examples.

Caches. The textbook self-adjusting structure is a cache [75,79,94]: frequently accessed
items are stored in fast memory, bypassing the full processing pipeline or slow backing store.
Caches require no prior knowledge beyond a locality promise — when the promise holds they
cheaply improve throughput; when there is no locality they add overhead. Caches do not
have to be hardware: a key-value store can cache a slow database [26], and a kernel flow
cache can accelerate a user-space switch [73].

List lookup. The move-to-front (MTF) list is a widely used self-adjusting data structure:
after each access the requested item is moved to the front of the list, improving future lookup
time at minimal cost. MTF is near-optimal even with full knowledge of future requests [83],
handles both spatial and temporal locality, and adds overhead only on uniformly distributed
input. Classic applications include information retrieval, compression [16], rule matching in
OpenFlow and P4 switches [69], and packet classification (see later). Every list reorganization
algorithm gives rise to a different cache management algorithm [83].

Search trees. A splay tree is a self-adjusting search tree that dynamically moves popular
items closer to the root and less-accessed items toward the bottom [9,17,84]. Unlike self-
balancing trees (red-black, AVL), splay trees reorganize with respect to the queries posed
rather than the items stored, improving future access time on high-locality input. Splay trees
are widely used in associative memory and data compression [49], and as a building block for
more complex self-adjusting algorithms.

3.3 Superlinear scaling

So how can locality-boosting load balancing and self-adjusting algorithms, when used together
in a distributed system, produce superlinear scaling? First, we present a demonstration on a
particular instantiation of the architecture, distributed self-adjusting list lookup, and then we
provide a formal scaling characterization for general distributed self-adjusting systems.
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Consider a partitioning load balancer (see Fig. 2) combined with a move-to-front list
implemented in the workers. Suppose that there are m items to be stored in the list and
k workers, each maintaining an independent index into the list. To make things more
complicated, we assume uniform request distribution on the entire input domain m at the
system’s input. Recall, uniformly distributed input is the worst case for any self-adjusting
algorithm by being totally unpredictable. Thus, for a single worker move-to-front reordering
has no useful effect and the worst case access time is m, identical to that of a static linked list.

Now suppose we move from 1 worker to k parallel workers where & < m. This results,
within our architecture, that the load balancer effectively partitions the uniformly distributed
input on m items into k uniformly distributed input streams on only ™/k different items
(see Fig. 2). This means that the workers’ input features a higher spatial locality than the
system’s input (which sports none). Had we used a random or a round robin load balancer
the workers would still see all the m possible inputs, just with a sampled uniform distribution
and no locality. After a while, each MTF list in the workers will have its specific subset of
m/ items moved to the first ™/k positions (in an arbitrary order), reducing the worst-case
lookup time from m (1 worker) to m/k (k workers). This introduces kx speedup compared
to the single-threaded case.

Then, superlinear speedup is merely a product of two simultaneous kx speedup factors:
one kx factor comes from the self-adjusting list getting progressively faster as we add new
workers, and another kx speedup as the total compute capacity available to the system
grows k times. The effective speedup is then just the multiple of the two, yielding k2 times
speedup in total. Plugging into Amdahl’s law we get the scaling law for distributed MTF
lists on uniform input (see Fig. 1):

_ Ty 1

= Ek<m , (2)

S T(k) s+ 5

Sy (k)

where s denotes the fraction of execution time spent in the sequential part of the code.

For small values of k, we obtain O(k?) scaling. As k grows sufficiently large, say, when
k = m, the workers’ input reduces to a singleton (™/k = 1). From this point the distributed
MTTF list reduces into a simple parallel hash table and superlinear speedup degrades into an
“ordinary” Amdahl’s scaling profile, until speedup eventually blocks on a serial bottleneck
(e.g., the sequential load balancer). For anything between, the system adaptively finds the
best combination of an MTF list and a hash-table, producing a quadratic scaling.

In general, superlinear speedup emerges as the superposition of two related speedup
factors. First, by splitting the input into multiple input streams of improved locality, the
locality-boosting load balancer reduces the “effective size” of the jobs workers will have to
process (recall the “scaled size model”, § 2). Denote the “job size reduction” attainable
with k workers by ¢(k). Second, there is a “parallelizability” gain, denoted by ¢(k), that is
obtained by k self-adjusting workers processing the reduced workloads. In the Appendix we
present a formal definition of these terms and define the below scaling law for distributed
self-adjusting systems:

e )

T(k) s+ soam

If g(k) - £(k) > k then we achieve superlinear scaling.

Superlinear growth is always transient: eventually the system hits a bottleneck and
falls back to (sub)linear scaling. Speedup is measured relative to the single-threaded non-
self-adjusting baseline; see § 5 and Appendix A for feasibility conditions and a full formal
characterization.
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Figure 3 Static vs. self-adjusting distributed systems scaling laws with round-robin and hash-
based load balancing: (a) static vs. MTF list access speedup on uniform input (m = 100k); (b)
static vs. MTF list speedup on skewed input (m = 100k, Zipf power law with aw = 1.01); (c) static vs.
MTF list access goodput with multiple threads running on a single core for uniform input (m = 10k);
(d) cache access on uniform input (m = 50k, cache hit rate 6 = 0.05, p = 100k cycles); and (e) static
balanced vs. splay tree speedup (m = 500, w = 100k cycles). Panels (a), (b), (d) and (e) show
multicore speedup as the function of the number of CPU cores, each running a single worker, while
(c) shows the single-core goodput (million requests per second).

3.4 Empirical evidence

Next, we present a series of simulation studies to confirm that locality-boosting load balancing
combined with self-adjusting workers (but only this combination!) yields faster-than-linear
scaling over a broad selection of load balancing policies, self-adjusting algorithms, and input
distributions.

Our simulator, written in Go, runs a configurable load balancer and k goroutine workers,
each executing the selected lookup algorithm (static or MTF list; LRU cache [33]; balanced
tree [31] or splay tree [32]) on a random input sequence. To keep the workload CPU-bound,
tree comparisons cost w extra cycles and cache misses cost p cycles. Total execution time —
including warm-up, request generation, and goroutine scheduling overhead — is measured
with nanosecond precision. For the hardware platform, see § 4.3.
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Superlinear Scaling with Distributed Self-Adjusting Systems

Prio|Proto|Src IP Dst IP |Dst Port|Action
1|UDP [192.168.178.33 23.0.0.45/32 53| ACCEPT
2|TCP |10.10.10.0/24 23.0.0.45/32 443 | DROP
3|UDP [192.168.178.0/24|23.0.0.45/32 53| DROP
4|TCP [10.10.10.10/32 |23.0.0.45/32 ANY |ACCEPT
5|1P 192.168.0.0/16 23.0.0.0/8 ANY |ACCEPT

Figure 4 Sample firewall rule set. Source ports do not matter.

Fig. 3 shows the results. First, the right combination robustly delivers superlinear speedup
regardless of problem domain or input distribution: on worst-case uniform input we obtain
3,300x speedup for list access on 48 CPU cores (70x beyond linear), 200x on LRU caches,
and 65x on tree search with 36 cores. Second, only the combination of locality-boosting load
balancing and self-adjusting algorithms produces superlinear speedup; all other combinations
(round robin with any algorithm, or any load balancer with a static algorithm) fall back to
(sub)linear scaling. Third, self-adjustment has overhead on a single thread (Fig. 3c¢): the
single-threaded self-adjusting algorithm is slower than the static one on uniform input; on
skewed input (Zipf, Fig. 3b) it is 2-2.5x faster, but superlinear speedup still requires locality-
boosting. Fourth, superlinear gain appears even with constant CPU: with an increasing
number of threads sharing one core (Fig. 3c), the self-adjusting combination delivers linear
speedup — only one of the two kx factors is active when total CPU is fixed.

4 Superlinear scaling in the Linux kernel

We demonstrate our methodology on software packet classification [39]. We chose this domain
because nftables — the default Linux firewall — uses a static linked list for rule matching (a
natural MTF candidate, though rule dependencies prevent naive MTF application, see § 4.1),
classifiers are notoriously hard to cache [22], and the kernel provides hardware load balancers
for the locality-boosting component [76]. Our goal is to verify that superlinear scaling can be
robustly reproduced; producing the fastest possible classifier is a nongoal. Nonetheless, the
re-engineered classifier will prove several times faster than the default Linux implementation.
(A second case study on Memcached+PostgreSQL is in Appendix B.)

4.1 Self-adjusting packet classification

A network firewall is a means to control incoming and outgoing network traffic based on
user-defined packet classifier rules (see Fig. 4). A classifier rule is a pair of a filter, a user-
defined regular expression defined on specific fields of the packet header or metadata, and
an action that decides what to do with the packets that match the filter (accept, drop, log,
etc.). Rules are organized into linear chains ordered by rule priority. When a packet enters a
chain, it is compared against the first rule. If there is a match, the corresponding action is
executed and the lookup is over. Otherwise, subsequent rules are matched in priority order
until the first match is found.

The nftables engine is a virtual machine that uses a Domain Specific Language for
parsing and matching packet header fields [66]. This makes nftables agnostic to specific
network protocols, in contrast to, e.g., iptables, which contains an embedded protocol
parser. Currently, nftables is the default packet classifier in most Linux distributions.

A naive application of the MTF heuristic to nftables would break firewall semantics.
Rules may depend on each other: rule u depends on rule v if they have overlapping match
criteria, v has higher priority, and they define different actions; moving u before v causes
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(a) Imperfect separation (b) Perfect separation

Figure 5 Locality-boosting load balancing over packet sequence P; (matching rule 4 of the sample
classifier in Fig. 4) followed by P> and P3 (both matching rule 5): (a) hash-based load balancing may
assign P» and Ps to different workers so that both will have to keep the dependency list 5 — 3 — 1
in the active rule set, (b) perfect separation sends P; and P to the same worker, yielding minimal
active rule sets.

misclassification. The Move-Recursively-Forward (MRF) algorithm [1] resolves this by
pushing an accessed rule forward only up to its nearest dependency, then recursively moving
that dependency forward too. MRF reduces to plain MTF when there are no dependencies
and degrades to a static list when all rules form a single dependency chain. In general, MRF
moves frequently accessed rules — together with their dependencies — toward the front of
the chain, improving lookup performance on high-locality input without breaking classifier
semantics [1], and is near-optimal in the same competitive sense as MTF.

We implemented MRF on top of nftables with multiple parallel instances, each main-
taining its own rule order in a private per-CPU pointer array over a shared static rule
list, enabling lockless list reordering and rule addition/deletion. Rather than the recursive
formulation of [1], we use an iterative implementation to avoid deep call stacks in the kernel:
when moving a rule forward, we check for overlap with the preceding rule using a range-based
representation extracted from the nftables bytecode; if they overlap we attempt to push
the blocking dependency forward instead, otherwise the two independent rules are swapped.
A more efficient approach would precompute dependencies at insertion/deletion time; we
leave this for future work.

4.2 Locality-boosting load balancing

The other ingredient that we need to achieve faster-than-linear scaling is a locality-boosting
load balancer. An ideal load balancer would partition the rule set into disjoint per-worker
subsets. This would minimize the size of the active rule set at workers, which is defined as
the set of rules for which a particular worker receives packets during a time window. The
smaller the active rule set the fewer rules the classifier has to search through for each packet
and the larger the contribution of self-adjustment to speedup. Contrarily, the larger the
active rule set the more rules compete for the first positions in the list, which reduces the
room for self-adjustment to reduce lookup time and erodes superlinear scaling.

There are several factors that may bloat workers’ active rule sets. First, whenever a rule
with nonzero dependencies is hit MRF adds its entire dependency chain to the active rule
set. Second, packet classifiers often use wildcard rules, matching potentially a huge number
of diverse traffic flows. If the load balancer dispatches two packets matching the same rule
to two different workers, then both workers would have to include the same rule, with all its
dependencies, in their active rule sets (see an example in Fig. 5). Note that the same rule
duplication problem plagues many software packet classifier algorithms [38,57,82,90].

Designing an ideal load balancer that minimizes workers’ active rule sets, regardless of
rule dependencies and flow diversity, seems difficult (but see a discussion in § 6). Therefore,
we adopt a simple hash-based load balancing scheme here that implements only “imperfect
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Figure 6 Macrobenchmarks: Scaling on 3 ClassBench rulesets generated from different seeds,
containing 5000 rules each (panel (a), (b) and (c)), and synthetic rule set with uniform traffic and
different rule sizes (panel (d)). Upper row shows relative speedup and the bottom row shows absolute
throughput (packet rate in million packets per sec, mpps).

rule set partitioning”. Our load balancer will however be fully implemented in hardware
and run at line rate. This is crucial in order to minimize the overhead, which in our system
entirely counts towards the sequential part of the workload and limits ultimate scaling. Later,
we will show empirically that even this imperfect scheme is enough to reach superlinear
speedup in many practical cases.

Our load balancer reuses the Receive Side Scaling (RSS, [12,76]) function offered by most
standard NICs. RSS evaluates a hash function over a selected set of header fields per each
packet. The resultant hash value is then used to index into an indirection table to select
a packet queue, and the corresponding CPU core, that will process the packet. The hash
function can be configured to consider any combination of the IP 5-tuple header fields, which
allows us to fine-tune locality-boosting in our load balancer.

4.3 Reproducing superlinear speedup

We conducted several experiments with the distributed self-adjusting packet classifier com-
bined with the hash-based RSS load balancer. Our goal was to understand whether superlinear
scaling can be robustly reproduced on a real network application using real packet I/O.

Testbed. The system-under-test (SUT) is a server equipped with a 32-core AMD EPYC
7502P@2.5 GHz CPU (64 cores with hyper-threading enabled), 128 GByte DDR4 main
memory, 96 KB per-core L1 cache, 512 KB per-core L2 cache, and 128MB shared L3 cache.
A server of similar configuration was used for traffic generation and measurement with
DPDK /moongen [24], connected back-to-back to the SUT over Intel XL710 40GbE NICs. We
used standard Ubuntu 22.04.4 LTS OS VMs with NIC-passthrough, running a patched v6.5
Linux kernel on the SUT replacing the nftables packet classifier with our own self-adjusting
implementation. The benchmarks use the Tipsy network testing automation and visualization
tool [60]. Hyper-threading was disabled, unless otherwise noted.
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The classifier rule sets come from two sources. A series of realistic rule sets was generated
with ClassBench-ng [63,88], which accurately model the characteristics of real access control
lists and firewalls. ClassBench uses a seed file for describing the statistics of the generated
5-tuple rules, including address ranges, port distribution, and rule dependencies. For each
rule set a matching input packet sequence was generated using the standard Classbench
tools [63,64]. We also used a series of synthetic rule sets and matching packet traces for
conducting controlled microbenchmarks. For each synthetic rule set we generated a matching
packet trace with uniform flow-size distribution, which, recall, represents the worst-case
for self-adjustment. In all cases the rules and packets using unroutable IP addresses were
manually removed (otherwise, Linux would drop some packets, distorting the results). Unless
otherwise noted, the benchmarks run with an RSS-based hardware load balancer using an
IP 5-tuple hash.

Macrobenchmarks. First, we ask whether superlinear scaling can be reproduced with
real workloads. Fig. 6a, Fig. 6b and Fig. 6¢c give the speedup and the raw packet rate
obtained with the default nftables packet classifier and our self-adjusting implementation
on 3 ClassBench rule sets, each containing 5000 rules, generated with the seeds acl1, ipcl
and fwl, respectively. All rule and trace generation parameters were set to their default
values.

Our observations are as follows. First, superlinear scaling is indeed reproducible with
our distributed self-adjusting packet classifier, with maximum speedup on 32 cores ranging
from 225x (about 7x faster than linear) for acll, to 72x (about 2.2x of linear) with ipc1
and 52x for fwl (1.6x faster than linear). In contrast, the static nftables classifier scales
almost linearly. A closer analysis shows a slow sublinear trend representative of an Amdahl’s
law profile for a very small sequential parameter (s ~ 0.001).

The speedup factor alone, however, does not reveal the full picture, as evidenced by
Fig. 6¢. The absolute packet rate of the self-adjusting classifier on the fwl seed is smaller
than that of the static classifier, despite the superlinear speedup. In other words, a massive
spurious speedup can be obtained by improving a slow baseline. Note, however, that this
occurs only for the fwl seed (later we reveal why); for the rest of the benchmarks the
self-adjusting version is robustly faster even in terms of raw performance (5.2x for acl1
and 1.4x with ipcl on 32 cores). Nonetheless, with hyperthreading enabled we obtain
~1.5x absolute packet rate improvement on 64 cores even for the fwl seed (not shown in
the figure), indicating that, with sufficient parallel resources, distributed self-adjustment
eventually surpasses static algorithms even in terms of raw performance. In other words,
when scaling is superlinear even a slow baseline becomes extremely fast ultimately.

Latency. The mean per-packet latency is shown in Fig. 7a. We observe that superlinear
speedup transforms into massive latency reduction, resulting in 52x smaller mean packet
delay on 32 cores for the acll seed using the self-adjusting algorithm. In contrast, the
static nftables classifier produces a mostly flat latency profile, stabilizing at about 13ms
per-packet delay.

Rule size. Next we turn to controlled microbenchmarks over synthetic input, which we
fine-tune to highlight the effect of specific workload characteristics on scaling. The main
factor affecting speedup is workers’ active rule set sizes, which determines the extent to which
self-adjustment can arrange recently hit rules to the front of the rule list (see § 4.2). We
used the following template to generate synthetic rule-sets of configurable size:
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Figure 7 Microbenchmarks: (a) mean packet delay on the rule set generated from the acli
Classbench speed (5k rules, uniform traffic); (b) raw packet rate for 4 synthetic rule sets with
increasingly long dependency chains; (c) speedup for 4 packet traces with increasingly more active
flows (independent rules); and (d) speedup with different RSS hash functions (same rules).

Prio ‘ Proto ‘ Src IP Dst IP | Dst Port | Action
1 UDP | AB.CD|EF.GH 1| ACCEPT
2 UDP | AB.CD|EF.GH 2 | ACCEPT

The source and destination address are the same in each rule, and each action was set
to accept. We obtained 3 rule sets this way, containing roughly 2k, 5k, and 10k rules,
respectively (the real size is a close prime to minimize periodicity in the scaling profiles).
Note that rules are independent and each rule matches exactly one flow, which represents
the optimistic case for the self-adjusting classifier (see later for the pessimistic settings). We

generated a matching packet trace containing one flow per rule.

Fig. 6d shows the results. The takeaway is that superlinear speedup appears independently
of the classifier size, to the point that for 10k rules we see > 800x speedup on 32 cores.
Again, the raw performance plot completes the picture: the larger the rule set the greater
the superlinear speedup but the smaller the absolute packet rate. Nevertheless, superlinear
scaling robustly appears in terms of the raw performance as well.

Rule dependencies. Rule-dependencies have a crucial role in self-adjustment, since for every
rule with nonzero dependencies not just the rule but all its dependencies will also become
active, bloating the active rule sets. To measure the effects of rule dependencies we created 3
synthetic rule sets with increasingly long dependency chains using the below template:
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Prio | Proto | Src IP Dst IP | Dst Port | Action
1 UDP | A.B.C.D/32|EF.G.H 1| ACCEPT
2 UDP | A.B.C.D/31|EF.G.H 1 | DROP
UDP | AB.C.D/0 |EF.GH 1| ACCEPT
UDP | A.B.C.D/32 | EF.G.H 2 | ACCEPT

For every rule in the synthetic rule set we add an extra d overlapping rules by varying
the subnet prefix length in the source IP address filter between /32 (most specific, highest
priority) and /0 (least specific, lowest priority). This creates for every rule a chain of d
increasingly more specific dependencies. Unfortunately, rule set size also increases d times,
but this should not affect the basic superlinear speedup trends (recall Fig. 6d). We run
the benchmarks with a 5k base rule set and add d dependencies per rule for d = 1 (small-
dependency), d = 2, d = 4 and d = 8 (high-dependency). The packet trace contains a single
flow per each “least specific” rule at the tail of the dependency chains.

Fig. 7b shows the absolute packet rate for the 4 synthetic rule sets. The most important
observation is that, as expected, the more dependencies the smaller the performance and
the less visible the superlinear growth (but note the simultaneous increase in the rule size).
Manually checking the classifier statistics confirms that the MRF algorithm at each worker
moves the active rules with all d dependencies to the front of the list, reducing the self-
adjustment contribution to scaling for large values of d. In terms of speedup, however, the
trend is just the opposite (not shown here): the more dependencies the greater the speedup,
again thanks to the slow baseline; e.g., we see > 1,000x speedup for d = 8. We also found
rule-dependencies to be the reason for the slow scaling on the fwl ClassBench seed. We
observed a similar slowdown when sending huge traffic to the final “catch-all” rule specifying
the default action. As this rule depends on all other rules it cannot be moved forward,
degrading the self-adjusting classifier into a static list.

Flow diversity. In this microbenchmark we vary the number of flows in the input packet
trace per each rule. We used the same synthetic rule set as previously, but we removed the
dependencies. We generated 4 traces containing 1, 5, 50, and 500 uniformly distributed
flows per rule, respectively. The results in Fig. 7c confirm that increasing flow diversity has
negative impact on scaling: the more flows per rule the less visible the superlinear speedup.
With a modest flow diversity (1-50 per rule) we observe 46-400x speedup on 32 cores.
However, for 500 flows the superlinear trend disappears and scaling degrades to linear (32x
speedup on 32 cores). We traced the issue to the 5-tuple RSS load balancer. Recall, an
optimal load balancing policy would dispatch all flows matching the same rule to the same
worker, perfectly eliminating rule duplication at workers (see § 4.2). However, the RSS-based
5-tuple hash only “imperfectly” partitions the rule set: manually verifying the classifier
statistics reveals that for 500 flows per rule essentially every rule appears at every worker,
completely removing the speedup contribution of self-adjustment.

Locality boosting. It seems that longer rule dependencies and growing flow diversity have
negative impact on superlinear scaling. In this microbenchmark we show some clue that the
negative impact can be removed using a proper locality-boosting load balancer. In particular,
Fig. 7d shows the speedup for the previous high flow-diversity benchmark (5k independent
rules, 500 uniform flows per rule) with different RSS-based hash functions. Our observations
are as follows. An inadequate choice for the load balancing function removes scaling all
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together: e.g., the RSS hash matching on only the source IP address dispatches all input
to the same worker (recall, the source IP is the same in all rules and flows), yielding no
scaling at all. A better choice is a 5-tuple hash: this at least spreads the load but, as we
checked above, causes massive rule duplication across workers, constraining scaling to linear.
An optimal locality-boosting load balancer, however, would dispatch the packets matching
the same rule to the same worker, removing rule duplication. For our specific rule set, such
“perfectly partitioning” policy is a hash function that uses only the UDP destination port.
For this RSS hash, superlinear scaling is recovered in Fig. 7d, with roughly the same speedup
as with no flow diversity in Fig. 7c. This confirms that faster-than-linear growth appears
only if the load balancer is indeed “locality-boosting”.

5 Limitations

Our experimental evaluations indicate that superlinear scaling occurs only under particular
circumstances. In this section, we describe those conditions and share practical lessons from
our own work, culminating in a set of design guidelines.

Optimize the load balancer for the worker implementation (or the other way around)
so that the load balancer boosts exactly the type of locality workers can exploit. A load
balancer that boosts temporal locality will not improve the performance of a worker designed
for spatial locality (and vice versa). Similarly, a load balancer splitting traffic by hashing on
the IP source-destination pair will work for an L3 classifier that filters only on the network
layer header fields, but it may cease to be properly “partitioning” if the classifier considers
transport layer header fields as well. Properly matching the load balancer to the self-adjusting
worker remains a laborious manual task for the moment.

Make workers’ internal data structures independent so that each worker can autonomously
rearrange itself with respect the locality of its own input. Shared data structures will not
work. For instance, [30] maintains a single cache to offload popular Memcached queries
that is shared across kernel threads. This blocks parallel self-adjustment by (re)mixing the
locality in the threads’ input into a single unstructured workload for the shared cache. In
contrast, our MRF classifier implementation carefully allocates the per-worker rule-lists as
private per-CPU pointer arrays, so that each worker can maintain its own rule order on top
of the shared static rule list.

Avoid sequential bottlenecks that may block parallel speedup prematurely. We identified
this issue during the design of our self-adjusting packet classifier. In order to improve the
locality-boosting property of the load balancer we experimented with running it in the Linux
kernel’s RPS function, which admits more flexible traffic splitting rules than plain hardware
RSS. This would result in better locality boosting by letting us fine-tune the partitioning
function for the classifier rules, in contrast to the hardware RSS that supports only hash-based
load balancing. Despite that we identified substantial improvement at low packet rates, the
single RPS kernel thread quickly posed a firm sequential bottleneck, blocking further scaling
well before superlinear speedup could appear.

Make self-adjustment matter so that workers can take advantage of improved locality. If in
a distributed caching system cached access is only moderately faster than uncached access
then very little gain can be obtained from improving workers’ cache efficiency. Likewise, if k&
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parallel caches are enough to cache the entire workload, adding a new worker will have little
effect. For attaining super-linear speedup workers in a distributed self-adjusting system must
be CPU-bound (so that adding parallel CPU resources matter) or, for caching in particular,
memory-bound (so that additional fast cache resources will translate into faster parallel
execution). This is clearly the case for the self-adjusting classifier, as evidenced by our
benchmarks.

Choose an adequate baseline for measuring speedup. An inadequate benchmarking meth-
odology may easily ruin a faster-than-linear scaling trend or, what is worse, show a spurious
superlinear speedup [35]. In this paper we report speedup with respect to the single-core non-
self-adjusting baseline (in line with (1)). Comparing to the self-adjusting baseline superlinear
scaling often disappears. To get a full picture, analyze speedup and raw performance results
side-by-side. This allows to spot cases of spurious speedup resulting from a slow baseline.

6 Related work

Superlinear scaling. Amdahl’s famous scaling law [4], asserting sublinear speedup and
diminishing returns for parallelization, is a cornerstone result in distributed computing [14,
37,42,42 54]. During the almost 60 years since its first publication many useful extensions of
the basic law were published [20,36,37,47,62,70]. Remarkably, faster-than-linear scaling
trends were observed in a broad range of production workloads [10,26,40,41,43,44,74,80, 86,
87]. For instance, [43] shows superlinear speedup for PostgreSQL and attributes this to a
new “cache plan” for caching compiled SQL queries at each thread, [74] shows that dense
matrix multiplication may exhibit faster-than-linear speedup when matrix rows/columns
are optimized for CPU caches, etc. Superlinear growth is often found in Nature as well,
e.g., describing the scaling of human communities to large cities [7]. Meanwhile, there have
been heated debates on the controversies related to superlinear scaling: Gunther shows
that an earlier report on faster-than-linear scaling from a Hadoop MapReduce workload is
attributable to a benchmarking error and, when measured the right way, reduces to sublinear
scaling [25].

There seem to be two common strategies to obtain superlinear scaling [45, 74]: either do
disproportionately less work per worker as the system is scaled (scaled size model [74]), or
add more resources per thread [45]. These techniques, however, are difficult to apply beyond
specific use cases [41] or require adding more cache space [74]. One way to realize the scaled
size model in practical systems is choosing a proper load dispatching strategy that matches
the worker implementation. Indeed, there have been several observations that the proper
load balancing strategy can improve data locality, and hence cache efficiency, at workers,
yielding measurable speedup [21]. To the best of our knowledge, ours is the first methodology
to extend this observation from caching systems to general compute-bound workloads: by
observing that caching is only a special case of self-adjustment, we show that the proper
combination of locality-boosting load balancing and self-adjusting algorithms can reproduce
superlinear growth in several applications.

Locality-boosting load balancing. In line with the recent trend to leverage NICs for
intelligently moving data between the network, CPU, GPU and accelerators in computing
systems [81], there have been several efforts to extend the static hash-based load balancing
provided by RSS: Receive Flow Steering (RFS) is a mechanism to steer flows to the CPU
on which the application that processes the flow is running [76] and RSS++ is a dynamic
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receive side scaling mechanism aiming to keep CPU load constant [12]. These mechanisms
could be leveraged to implement more efficient locality boosting in the NIC: RFS can be
used to direct all flows matching the same rule to the same CPU, RSS++ could be used to
evenly spread load even for staggering workers that process the “difficult” high-dependency
rules, etc. Furthermore, Reframer can be used to reorder packets for improving the temporal
locality at workers’ input [29,56], and SAX-PAC can be used to decompose a classifier rule
set with many dependencies into multiple smaller but independent rule sets [53]. Hicuts [38],
Hypercuts [82], Efficuts [90], and CutSplit [57] define “intelligent” packet header space
cuts [52] to partition a rule set along a decision tree into smaller rule lists stored in the
leaves of the tree. These schemes are complementary to our approach: while [38,57,82,90]
use “smart” cuts with “dumb” lists in the leaves we rather use “dumb” cuts, implemented
by hash-based load balancing, with “smart” rule lists in the workers to reach superlinear
parallel scaling.

Self-adjusting data structures. Self-adjusting algorithms, the other ingredient for super-
linear scaling, are widely applied in computer systems: caches are extensively used in
predictive NFV state stores [55], database accelerators [26,30,67], distributed web caching
and CDNs [94], and microservices [93]; move-to-front (MTF) lists are used for computing
point maxima and convex hulls [15], program compilation and interpretation [46], detecting
collisions in hash tables [46], and data compression [16]; further examples are splay trees [84],
self-adjusting skip lists [17], push-down trees [9], or self-adjusting geometric data stores [72],
etc. Another example for self-adjustment are runtime optimization frameworks which can
just-in-time recompile code to specialize it to a particular structured input [29, 56,59, 65].
All these are candidates to be used, along with a proper locality-boosting load balancer, to
reach superlinear scaling in distributed applications. To what extent these algorithms already
achieve superlinear scaling in production applications is perhaps one of the most intriguing
open questions for future research.

7 Conclusions

In this paper, we provide theoretical and empirical evidence that combining locality-boosting
load balancing with parallel self-adjusting algorithms can yield faster-than-linear speedup in
certain applications and under specific workload conditions. Our main contribution is the
identification of the key design pattern that consistently appears in use cases where superlinear
scaling emerges, along with a characterization of the conditions required for it to occur.
Through extensive simulations, we demonstrate that this optimization technique can achieve
scaling significantly beyond what has previously been observed, and we further illustrate its
applicability on several widely used production applications. We extend the default nftables
Linux subsystem into a true self-adjusting packet classifier, which we use to identify the
main workload characteristics (rule-dependency, flow diversity) that affect superlinear growth
trends. We also reproduce faster-than-linear scaling on a Memcached+PostgreSQL distributed
storage system. Future research will be needed to apply our methodology in a broader range
of use cases: for instance, rule-based network intrusion detection systems like Snort or
Suricata [48] or explainable AT inferencing seem like appealing application candidates. In
addition, identifying other reusable design patterns that enable superlinear scaling would be
a valuable direction.
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A  Analysis

Scaling in distributed systems refers to the improvement in performance achieved by adding
more machines to a system. It is defined as the ratio of the completion time of the baseline
system with a single machine to the completion time of the system with k& machines,
S(k) =T1)/T(k).

We claim that our system scales along two dimensions: load balancer efficiency ¢(k) and
parallelizability ¢ (k).

(k) = T(1) _ 1 7

T(k) s+ soam

for some values of g(k) and ¢(k) that depend on the input o and the load balancer. The value
£(k) captures the reduction in the total work of the system by using a load balancer, and ¢(k)
captures how well the reduced workload can be parallelized on k machines. If ¢(k) - £(k) > k,
we say that our system scales superlinearly. We draw the following conclusions from our

analysis.

1. The system can scale superlinearly for certain input streams combined with the right
load balancer. The uniform input example is just one such example.

2. On the contrary, some other input streams cannot even achieve linear scaling with any
load balancer.

3. The paralellization factor ¢(k) can be at most k (reaching ¢(k) = k for uniform input).

The workload reduction factor £(k) depends on the input sequence o and the load balancer.

5. The workload reduction factor ¢(k) cannot be reduced indefinitely with growth of k.
Hence, the system can scale superlinearly only for small values of k.

P

Our analysis holds for a wide range of self-adjusting data structures (including LRU
caches).

A.1 The model
A.1.1 Architecture

Consider k identical parallel machines My, My, Ms, ..., My, each having its own isolated
memory and running an instance of a self-adjusting list D. The stream of requests ¢ arriving at
a load balancer is partitioned into k streams o(My), o(Mz),...,o(Mj) and dispatched to the
machines. The load balancer dispatches the requests to machines based solely on the request
itself, ignoring the state of the system. The load balancer is a function fi : U — {1,2,...,k}
from the universe of all items U to the machines, and this function partitions the universe I/
into k subsets Uy,Us, ..., Uy (often referred to as affinity domains).
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A.1.2 Cost model

The time to process a request o; at time ¢ includes both the computational overhead of the
load balancer (denoted T'(fx(c))) and the processing time by D at machine My, (,,) (denoted
T(gp(or)). Notably, the processing time gp varies over time due to the self-adjusting nature
of the data structure.

Self-adjusting data structures often achieve some variant of working set property that
links the input history to the cost of processing a request. In our work, the working set for an
item oy request at time ¢ is defined as the set of distinct items requested since the last request
to the item o;. With each data structure D, there exists an associated cost function gp

cost(x,t,0) < gp(|[Wi(2)]) ,

where Wy () is the number of distinct requests to items other than z since the last request
to . With these assumptions, we capture e.g. LRU caches, Move-to-Front lists, splay trees
and more.

Objective. Our goal is to minimize the completion time of the schedule of jobs induced
by the stream of requests o executed on parallel machines. The schedule finishes when
all requests from o are processed. The load may be uneven, and some machines may be
idle throughout execution, but the system is not allowed to reassign the requests to other
machines.

Benchmark. Our benchmark 7'(1) is a single self-adjusting data structure D that runs on a

single machine M; and processes the entire stream o, with a trivial load balancer f;(-) = M.

A single self-adjusting data structure is the most natural baseline choice for self-adjusting
data structures.

A.2 Superlinear Scaling of Self-adjusting Distributed Systems
(a positive result)

The load balancer f; partitions the input stream o into k more local streams

o(My),0(Ms),...,0(My), and reduces the sum of machine’s workloads by a factor of ¢(k).

The workload is then executed on k& machines, with the objective to reduce the schedule
completion time, which brings speedup of the factor of ¢(k), ¢(k) < k.

A.3 Study of £(k): how workload is reduced

The value of £(k) depends on the input o and the load balancer fi. Hence, ¢(k) indirectly
relies on k through fi, (these are tied together in our architecture). Furthermore, for technical
reasons, £(k) depends on the serial portion of the workload s. To estimate £(k) for a given
stream o, we need to relate o with the load balancer fi for the given data structure D.

A.3.1 Self-adjusting data structures and working sets

Our law captures various self-adjusting data structures, such as lists, caches and their
generalizations. In these data structures, the cost of accessing an item depends on the
internal structure and changes over time depending on the history of requests. Self-adjusting
data structures have a property that the cost of accessing an item x at time ¢ depends on
the number of distinct items requested since the last access of x. This is often referred to as
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the working set property, and it can hold in an amortized sense. A working set for an item
o request at time ¢ is defined as the set of distinct items requested since the last request to
the item oy.

With each data structure D, there exists an associated cost function gp

cost(z,t,0) < gp(|We(x)])

where Wy(x) is the number of distinct requests to items other than x since the last request to
x. With these assumptions, we still capture parallel extensions of LRU caches, Move-to-Front
lists, splay trees. We illustrate gp for Move-to-Front and LRU. In Move-to-Front the cost of
accessing an item is linear: gutr(z,t,0) = |[Wi(z)| + 1. LRU is the algorithm Move-to-Front
casted into the cost model of caching with a generalized cost function g gy that is non-linear:
for a cache of size B, the cost is 1 if the working set size is B + 1, and 0 otherwise. We note
that this generalized setting introduced by Sleator and Tarjan [83] captures more general
data structures than just lists and caching under a common characterization of gp.

A.3.2 Load balancer isolates working sets

Recall that the load balancer partitions the stream into k streams o(Mi), o(Ma), ..., o(My)

and dispatches them to the machines. These streams may have reduced working set sizes at

the machines in comparison to the working set sizes of the original stream o. Precisely, a load

balancer fi : U — {1,2,...,k} partitions the universe I into k subsets Uy ,Ua, . . . , Uy, and the

working set for machine ¢ at the time z = oy is requested is Wi (x,t,0(M;)) = Wi(z, t, o) NU,;.
The cost for the parallel workload of the baseline is

T(1) =Y g(|W(2)]) -

The cost of the parallel workload for the distributed system is as follows. In total, we observe
cost savings from load balancing for the stream o, data structure D characterized by a
function g, and a load balancer fy.

T(k) = g(IWe(z) NUy, (o)) -

Note the total work decreases by r for the stream o.
The speedup ratio in the dimension of £(k) is then

. Ztqut(x) mufk(ﬂt)”
VW) = = W@

A.4 The study of q(k): how parallelizable the reduced workload is

Recall that our objective is not to minimize the total work, but to minimize the completion
time of the schedule. Fix a reduced parallel workload from the previous section of total size
(1—s5)/l(k), and let’s look at its components. We are interested in minimizing the completion
time of the last machine. The speedup ratio in the dimension of ¢(k) is given by

22 9(Wi(2)) N Uy, (o0

1/q(k) = ’
/ ( ) max; Zt:fk(gt):igﬂwt(x)mufk(dt)D
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Some request streams and load balancer pairs are better at achieving g(k) close to its
theoretical limit & (given by Amdahl’s law). Our uniform input example achieves perfect
parellelization of ¢ = k, since all jobs are the same size and all machines process the same
number of jobs. On the other hand, some unparallelizable streams such as a repeated
request to a single item have ¢ = 1, because they use only one machine in our architecture?.
Heterogeneous workload can also be parallelizable, for example a single machine M; can
process a majority of the stream o if the stream oy, is local, while the rest of the machines
process longer jobs to finish at the same time as M;. It should however be obvious that the
streams that achieve good parallelization g(k) need to have roughly equal workloads for each
machine, and the only streams that can achieve that consist of requests to multiple affinity
domains. To maximize ¢(k), the load balancer needs to distribute the workload evenly among
the machines.

A.5 Characterizing the speedup

» Definition 1. Fiz any stream o and load balancer fi.. The value £(k) is defined as the ratio
of the total parallel work of the distributed system to the total parallel work of the baseline.

» Definition 2. Fiz any stream o and load balancer fi,. The value q(k) is defined the ratio
of the total reduced parallel work (1 — s) - £(k) to the completion time of the last machine.

Then, the speedup of the distributed system is given by the following theorem.

» Theorem 3. Consider a data structure D with a cost that is upper-bounded by a non-
decreasing function gp of the working set size.

Consider a load balancer that dispatches inputs o taken from a universe U to k identical
parallel workers W1, Wa, ..., Wy, each running an instance of a self-adjusting algorithm D,
using a deterministic function fi, : U — {1,2,...,k} that partitions the input universe U into
k disjoint subsets Uy, Us, ... ,Uy. For an input o, self-adjusting distributed systems scaling
with k is characterized in two dimensions: load balancer efficiency (k) and parallelizability
q(k). This gives us speedup

T(1) 1
T(k) = s+

1—s ’
q(k)-L(k)
for q(k) and £(k) defined in Definition 2 and 1, which depend on the input o, load balancer
fr and the cost function gp.

The proof of the above theorem is a direct consequence of executing a reduced workload
(reduced by a factor of ¢(k)) on k machines with the parallelization g(k). Note that s is the
serial fraction of the workload, which is common to T'(1) and T'(k).

Our theorem applies to e.g. Move-to-Front lists and LRU caches, since their cost functions
guTr and g ry are monotonically increasing in the working set size.

We dedicate the next two subsections to partitioning the speedup into these two dimensions
and independently analyzing them.

1 To remedy that, we could look into load balancers that distribute jobs to multiple machines (generaliz-
ations of functions fi, to functions from U to sets of machines). This goes beyond the scope of this
paper. See RSS+ paper for reference [12].
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A.6 Impossibility of scaling for self-adjusting distributed systems
(a negative result)

We conclude by outlining a scaling impossibility law, analogous to Amdahl’s law for self-
adjusting distributed systems. We conclude that for any stream o, scaling is limited to the
initial phase and cannot continue indefinitely with k. Therefore, the superlinear scaling
observed in practice is only merely a transient phenomenon.

» Theorem 4. Assume that the cost of a data structure D is lower-bounded in terms of
the working set size as a monotonically non-decreasing function gp. Then, our distributed
self-adjusting system cannot scale better than

T(1) 1

S(k) = = :
®= 1) S+ v

where £(k) depends on gp, o and f.

The proof of this theorem is a direct consequence of the Amdahl’s law to the reduced
workload: the reduced parallel workload (1 — s)/¢(k) can be executed at most k times faster.
We leave the proof of to the full version of the paper.

Two key consequences arise from the above theorem.

1. Superlinearity is an initial-only phenomenon

For any input sequence o, the maximum achievable multiplicative ¢(k) is fixed. This

occurs when k is large enough so the load balancer fj isolates all working sets. However,

for many inputs o, the improvements can dry up even for smaller k& (the more local the
sequences are, the more effective the load balancer can be). As a corollary, the system
can scale with the parameter k due to additional resources, but the savings from load

balancing do not grow indefinitely with k.

» Observation 5. For each input sequence o, there exists a constant K such that for
all k > K, for each load balancer fi, the savings (k) are fized do not increase with k.
Combined with the fact that q < k, this implies that superlinear scaling cannot continue
indefinitely with k.

2. Tight analysis for LRU caches and MTF lists
In case of Move-to-Front lists and LRU caches, the cost function £(k) is both upper- and
lower-bounded as a function of the working set size. Hence, the analysis of scaling is tight
for these algorithms.
In particular, the LRU algorithm for caching cannot scale superlinearly indefinitely.
Therefore, the scaling observed in the literature is only an initial effect caused by the
combined influence of the increased number of machines and the load balancer.

A.7 How to find good load balancers?

There are many constraints for the load balancer, e.g. it should be efficiently computable
and should parallelize the workload well (measured by the parameter ¢). Now, we focus
solely on the locality-boosting aspect of the load balancer, how well the workload is reduced
by cutting affinity domains with fi. We can visualize the saving from load balancing with
help of a weighted complete graph, where each edge weight represents the saved cost by
isolating the affinity domains of the two machines. For each input stream, the costs of a
self-adjusting data structure can be decomposed into the sum of costs accounted to pairs of
nodes, see the work of Albers and Lauer for details [2]. The optimal load balancer uses the
heaviest cut in such a graph. First, we consider load balancers that remain fixed over time,
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Figure 8 Scaling laws for distributed caching.

and we additionally assume that the input stream is known in advance. The optimal k-cut
is known as mazimum k-cut, and is known to be NP-hard problem [28,61]. If the cuts are
balanced (a natural choice), then the problem is known as mazimum k-section [5] (from the
perspective of maximizing the cut) and minimum graph k-balanced partitioning [6] (from the
perspective of minimizing the non-cut edges). In the former model, we have a polynomial
time algorithm that achieves a constant-factor approximation [5], and in the latter model,
we have a polylogarithmic approximation [6].

It is often unrealistic to know the entire input sequence in advance, and online variants
of the problem are studied, where additionally the load balancer can change the assignment
of the requests to the machines over time. We refer to online variants of the above problems:
online k-cut [11] and online graph partitioning [8].

B  Superlinear scaling in distributed caching

Superlinear scaling often emerges in systems where a “fast” distributed cache is deployed
in front of “slow” processing system or storage engine [43,80,87]. Examples include multi-
processor CPUs with unshared Level-1 fast cache memory that make access to program
arguments more efficient [74], runtimes that selectively “memoize” the results of costly
computations [3], FIB caches in OS network stacks that maintain the most recent IP routes
in fast memory to sidestep longest prefix matching [75], hierarchical (mega)flow caches
that serve as a fast-path in programmable software switches [73], etc. All these workloads
may benefit from caches becoming more efficient as the system is scaled and, potentially,
show superlinear speedup on certain workloads. We use Memcached as a fast cache for
PostgreSQL [26, 30, 58, 67].

We quantify this with a simple model. Suppose a source emits uniformly distributed
random requests for m items and requests are distributed among k workers, each using a
separate cache of size ¢, by hashing on the request id. The single-worker cache hit rate is
0 := ¢/m. Adding k workers effectively partitions the requests into k& random buckets so that
each worker will perceive uniformly distributed requests for only ™ /k items, which improves
the cache hit rate at each worker to 757 = ko (ko < 1). This puts the lookup time of the
system of k parallel caches to

T.(k) = {S + 5 (kO + (1~ kd)p) k<1 "

I RS

= otherwise

where ¢ is the single-threaded cache hit rate, p is the penalty for a cache miss, and s denotes
the fraction of execution time spent in the sequential part of the code.

3:27

SAND 2026



3:28

Superlinear Scaling with Distributed Self-Adjusting Systems

1
key-hash load balancing
<~ random load balancing
301 20.75 |
o g
-
g 20 205
g, 5}
:
10 O 0.25

5 10 15 5 10 15
F#threads F#threads

Figure 9 Results for a joint scaling of Memcached+PostgreSQL with and without key-hashing:
speedup and cache-hit rate.

The speedup S.(k) = ;Lgllc; for the parameters s = 0.1, § = 0.1 and p = 10 is depicted in
Fig. 8. The lower envelope of the scaling profile is given by Amdahl’s law for the system
with random or round robin load-balancing. As k grows the scaling profile progresses over
a superlinear curve to an elevated Amdahl’s law profile, representative of a system serving
all requests from fast memory. Note that this occurs only if request dispatching is chosen
carefully to partition the item space. Modulo hashing assigns the same item to the same
worker deterministically, so that workers process only a subset of the items that may have a
greater chance to fit into the cache.

In our case study Memcached is gradually scaled from a single replica to 15 replicas,
playing the role of a distributed cache for a “slow” PostgreSQL v14 database. PostgreSQL is
scaled proportionally to the number of Memcached replicas; in particular we run 4 PostgreSQL
client threads per cache replica. We wrote a custom client performing cache-aside reads:
on a miss, it reads from PostgreSQL and writes the result back to the cache. We used two
different load balancing schemes to route key requests: random load balancing reads from a
random Memcached replica, while key-hashing always reads/writes the same key from/to
the same Memcached replica.

Fig. 9 shows the results for PostgreSQL pre-filled with 1,000,000 key-value pairs of 16 byte
keys and 48 byte values, with a configurable number of PostgreSQL threads and Memcached
replicas with 4 MB of cache each. As expected, superlinear scaling emerges with key-hashing,
yielding 35x speedup with 15 Memcached replicas, 2.3x higher than linear scaling. In
contrast, random request routing exhibits only linear scaling. The reason is the improving
cache hit rate as Memcached is scaled: with 14 replicas we reach close to 100% cache hit
rate and speedup falls back into the linear range, as predicted by the analysis.

We note that superlinear scaling in this context is extremely sensitive to certain benchmark
parameters, like the number of Memcached replicas, PostgreSQL threads, and client threads.
This is because for faster-than-linear scaling to appear Memcached replicas must be both
CPU-bound (so that adding more replicas will improve throughput) and memory-bounded
(so that improving cache hit rate will cause speedup) at the same time.
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